Ai/6S49£? 


w..j  uoouweni 

Is  ualiaitod* 


P  produced  by  the 

CLEARINGHOUSE 

(or  (V'der.d  Scinntil  c  &  T-chn,  ll 
Information  SpringiK*id  Vo  2  2(51 


Best 

Available 

Copy 


C  O  N  V  A  I  R 

a  ftivi'Oi  o»  aimtki  i  ox»o«Anto» 

ASTRONAUTICS 


REPORT  ZU-7-0Q 
DATE_lt 


MODEL 


7 


NO.  OF  PAGES. 


FOHCZD  O0CXLL4TXJMB  OF  A  FLUID 

in  a  cmmaacAL  tank 
uumoonra  doth  thahblatknv  and  rotatxhv 


Distribution  of  this  document 
Is  unlimited. 

COMTDACT  MO.  AF04 (IUH 


PREPARED  BY  ^ 

AIM  F.  Sakmitt 


GROUP. 


CHECKED  BY 

CHECKED  BY 


APPROVFD  BY 


0.  L. 


APPROVED  BY  OL  02 


H.  5L  FlMMA 


Chid  Flight 


REVISIONS 


NO. 

OATE 

er 

CHANCE 

PAGES  AFFECTED 

*f*M*M* 
MJpAfttP  BY 
CNBCKXO  BY 


C  o  N  V  A  I  R 


SAM  Of  tOO 


BABB  i  .  s 

wet  no.  ZU-7_o69-'  w 

MOJDBU  7 

DATE  16  OOt.  1956 


The  solution  for  tho  fluid  forces  on  an  oscillating 
cylindrical  tank  aa  glvan  in  Reference  (1)  ara  for  lataral 
translator/  notions  alona.  Tho  present  report  extends  the 
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'  The  solution  to  the  problem  of  forced  oec  illations  of  a  fluid  in 
a  cylindrical  tank  undergo ing  translations  and  rotations  along  and  about 
a  tranaveree  axis  through  its  base  is  found  by  an  extension  of  a  previous 
solution  for  translations  only  (Reference  1).  Through  the  use  of  the 
LaPlace  transform,  the  results  are  written  in  the  form  of  transfer  functions 
giving  the  transverse  foros  and  moment  about  the  tank  bottom  for  arbitrary 
planar  motions  of  the  tank.  Otaly  the  fundamental  mode  of  fluid  sloshing 
is  considered  in  presenting  the  final  results  and  only  small  disturbances 
are  admitted. 

Solutions  are  presented  both  for  a  tank  moving  in  a  fired  acceleration 
field  (as  on  earth)  and  in  an  acceleration  field  flyi  with  the  tank  (as 
In  a  freely  falling  missile). 

A  mechanical  analogy  of  a  fixed  mass  plus  a  pendulous  mass  is  found 
to  duplicate  the  forces  and  moments  identically  in  both  the  fixed  and 
carried  acceleration  field  cases. 

In  an  appendix,  the  equations  of  motion  are  developed  for  a  missile 
containing  a  large  fluid  tank  through  the  use  of  the  hydrodynamic  transfer 
function.  The  resulting  equations  are  shown  to  coincide  with  those  which 
would  be  obtained  through  the  use  of  the  mechanical  analogy. 
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IHTRODUCTIOW 


A  cylindrical  tank,  partially  filled  with  a  liquid,  la  conaidarad  to 
translate  and  rotate  in  an  arbitrary  manner  aloof  and  about  a  transverse 
axle  through  its  baae. 

The  object  of  this  report  la  to  present  a  complete  hydrodynamic 
solution  giving  the  forces  and  momenta  on  the  tank  as  functions  of  the 
tank  motions.  For  applications  to  a  missile  stability  study  these  results 
are  given  In  the  form  of  notiorv-to-force  transfer  functions  and,  alternately, 
in  the  form  of  a  mechanical  analogy. 
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-  dimensionless  parameters  defined  in  equations  (9)  and  (10) 


-  force  in  x  direction 


•  Bessel  function  of  first  kind 

-  tank  par  axe  ter,  <fnh/a 

-  total  fluid  aase 

-  hydrodynamic  moment  on  tank 

-  hydrodynamic  pressure 


-  kinetic  energy 

-  potential  energy 

-  tank  radius 

-  acceleration  of  gravity 

-  depth  of  fluid 


-  total  fluid  particle  velocity  =  +<s*  +  ur‘ 


-  pounds 


-  slugs 

-  lb. ft. 


-  feet2 


-  lb. feet 


-  lb. feet 


-  feet 

-  fps2 


-  feet 


-  radial  coordinate 


-feet 


-  Ia  Plaoe  variable 


utfur  -  fluid  velocities  in  coordinate  directions  --t,  , 
P  ,  Z  respectively 


-  cartesian  coordinates 

-  polar  coordinates 

-  acceleration  in  Z  (axial)  direction 


-  coefficient  of  fluid  mode 


-  fps2 

-  feet2/*ec. 


analysis 


nmNwio  v* 

CHKCKSD  ST 
WmpCD  SY 


C  O  N  V  A  I  R 


NASS  3 

T  no.  ZU-7-069. 

con.  7 

oats  if>  Qct.  1956 


-  root  of  J,  =0 

-  rotation  of  tank  about  lta  base 

-  fluid  density 

•  fluid  soda  Natural  frequency 

r  \ 

-  defined  attenuating  frequency 

-  fluid  velocity  potential  :  ^  3  -  Grad  f 

-  angle  of  pendulum  with  tank  axis 

-  angle  of  pendulum  with  vertical  (•  r-9) 

-  analogous  fluid  "angle"  defined  by  equation  (15) 

-  analogous  fluid  "angle"  defined  by  equation  (18) 


-  slugs/ft^ 


-  feet2/sec. 
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APAW?JS 


Reference  (1)  presents  th«  Aquations  of  motion  and  boundary  conditions 
for  a  parfaot  fluid  in  a  cylindrical  tank  having  &  vortical  axis  and  under¬ 
going  an  arbitrary  lateral  translation.  Choosing  a  cylindrical  coordinate 
system  as  in  Figure  1,  the  problem  la  shown  to  reduce  to  that  of  finding  the 
velocity  potential  4  (si,  <P,  z)  satisfying  LaPlace*  a  equation  and  subject 
to  the  boundary  conditions  that 

i)  at  the  tank  walls  the  fluid  particle  velocity  must  equal  that  of  the 
wall  and  that 

ii)  at  the  free  surface 

d24  e  £  _ 

—X  +  a.  -r-X  =0 
d  tz  '  d Z 


where  oc  r  ia  the  acceleration  in  the  Z  direction. 

For  the  case  of  the  tank  which  also  undergoes  a  rotation  <9  about  a 
transverse  axis  through  its  base,  the  complete  mathematical  statement  of  the 
problem  is  contained  in  the  following  equations: 


a_i  ,  /  a*  j 

d  Si  d  <t>* 


(1) 


-a 


=  al 

dsv 
Si  »a 


-  ( Qi  +X.)  CCS  (J> 


si.  »a 


(2) 


-or 


_  d* 


dz 


s  • o 


SI  e  C03  $ 


o 


a  § 


(3) 


(4) 


In  equation  (4),  <XT  is  the  acceleration  in  the  carried  Z  direction. 
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Following  the  load  of  Reference  (1)  a  solution  is  sought  in  ths  form  of  a 
sorias  of  produets  of  Bessel  and  Hyperbolic  functions.  By  a  trial  process.  the 
following  potential  function  is  found  to  satisfy  equations  (1),  (2)  and  (3). 


$  =  -{dz  coo  4  J,  cos  & 


cosh 

cosh 


&■ 

CL 

CL 


It 


a  *a  *y/(%T:)  •  .  s,Ajh 

7~  (g~*-A  /  te  \  6  cos  *  - 

fn  (fn  ' ,  *4  (f n)  cosh. 


(b  -A) 

a 


Here  Jf  is  the  Beesel  function  of  the  first  kind  of  order  one,  and  the  if  ^  are 
the  roots  of  =  0.  In  satisfying  the  boundary  conditions  represented  by 
equation  (3),  use  has  been  made  of  the  equality 


2  a,  - 


if  n  “/)  ~i  if  n) 


The  undetermined  coefficients  fin  in  equation  (5)  are  found  by  satisfying 
boundary  condition  (4).  Substitution  of  equation  (5)  into  (4)  leads  to 

h  *  y)s\  (fi  l+^n)  ~<XT  &  sc 

n 

9 ZL  '(77ZW(ln) S'  LJl  ‘ 0 


whore 


on* .  Zd*  e»* 

a  a.  a 


Here  the  tine  derivatives  have  been  written  in  operational  fons  through  the 
use  of  the  LaPlace  transform.  "  ^  "  is  the  LaPlaoe  variable  and  the  "barred" 
quantities  are  the  transformed  functions  of  "  a 

This  last  equation  is  now  mulitplied  through  by  and  d,  and 

than  integrated  term  by  term  between  the  limits  of  sero  and  "a".  The  following 
integral  properties  are  used  in  establishing  the  result: 


M  ttlfc-A 


*^2"  — 
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J" dyi  ~  J'  (W 


j-  4  $rh  ft* 


where  J,  (^/l)  =  0 


m  *  n 


m  =  n 


Following  tho  procedure  *0  outlined,  one  obtains 


A  ~  /  2.  O-r  20. 

a-a-  -d  x  +  Qh.\^i  *  —L - - - — 

l  /h  h  cosh 


■‘■fin  -  O 


Solving, 


&  *  -* 


•2a  [a  X+dh(*i  *Sl  n  ) 

Tttij'fa*-1 um 


* m  a«  7J12. 

\  a 


Equation  (6),  when  substituted  beck  into  equation  (5)  (transformed) 
yields  the  desired  potential  function 


—  \ 
$  *  -.<*  (<9  £  f  tljsi  cos  <f>  +2  a<i> 


*x*0h(a**  Sln2)  ,cosh-^a. 

-to0"  * 


*-.a Q 


X~  a  4aJ,^) 
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A  wall-known  proparty  of  th«  velocity  potential  it  that  it  is  related  to 
tha  disturbance  (dynamic)  pressure  by* 


Pv  =/° 


Therefore)  from  equation  (7)  the  transformed  pressure  disturbance  is 


.  .  ai  /  ^  \  / r  \  rns/i  ^ — 


-J(ejL  <•  xU  aa  4  ^ a  iu^)(Cl^J,(Q  J'^r)cos  * 


c“  * 


cosh  — ^ 


The  dynamic  wall  pressure  is  given  by  equation  (8)  with  si  -  a  .  The 
lateral  force  is  then  obtained  by  the  integral 


K  ^2ir 


F  j  a  cos  <p  d  <p  d.jg 

•T.  a  _ 


The  integration  when  carried  out  leads  to 


F(^)  =  X-/W?  -  -4*9  Ui  J-  * 


^  C03/l  -  - 

cl  \  q 

r^l(fnl-l).C0S^ 


n  where  M  *=  J7/0  a  A. 

-V 

£e.  / 

*  7or  equilibrium)  the  Suler  Oquation  gives  ■.-■?-•  3  —  Grad  P  and  hence 

/•  c  /»t  r 

a  »  -  Gram!  \  Pc£t  where  I  Pdt  is  the  impulse  per  unit  area  applied 


I  ft  f 

£  »  -  -p-  Grad  \  Pc£t  where  j  Pdt  is  the  impulse  per  unit  area  applied 
to  the  fluid. *07  definition  *  -  Grad  $  .  Hence,  /°  $  ^ 

impulse  per  unit  area.  Then  the  force  per  unit  area  (pr&csure)  =  /o  ^  ^ 


.  A*H- 
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Within  etch  of  tho  summations  appearing  In  the  above  expression  the  term* 
for  n  greater  than  unity  are  negligibly  email  at  all  exciting  frequenciee 
excepting  thoee  near  the  higher  fluid  mode  resonances.  The  relative  Importance 
of  the  higher  mode  tens  may  be  judged  by  the  succession  of  denominator  factors 
(  ^  -  /  ) .  The  first  few  of  these  are  s 

f/-  /  =  2.386 


a  2 

fa*' 

/  2 

Is-' 

4  ^ 


-  27.46 
=  71.85 
=  136.01 


Consequently,  it  Is  satisfactory  to  omit  the  higher  mode  terms  for  most  appli¬ 
cations.  If  this  step  is  taken  one  may  write 


F(+) 


C,)  +JMA,  * 


where  A,  »*  — 


2  tanh.  K, 

K. 


4  coj/t  K,  -I 
ft-1-')  COS\  /C, 


f,  - 


The  moments  about  the  tank  base,  positive  in  the  sense  of  positive  6 
(Figure  1),  due  to  dynamic  fluid  pressures  are  given  by 


i  rarz* 

V°J  J  ■£  Cl  cos  <p  d.  i.£+  /Q  j  j  -Ay  cos  <pd.<pd.As 


o  o 


o  o  l£-0 
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If  these  integrals  are  eveluated  and  the  results  are  again  restricted  to 
the  fundamental  mode  terms,  there  is  obtained 


z  - 


(  1 

1  'A 

z-  zf  1 

—  -d.  0  Mh  j-j-  +  D , 

.  .* ...  *  [ 

■t  -<£  Mn.  D,  * - 7 — j - 

*  (-<**  ♦  4J,  j 


(10) 


where* 


_  I  Z  +  Kj  sinh  K,  —  coah  K, 
^  *7  (//'/)  cosh.  AT, 


^  ^  /  2  5</tA  K,  -  K , 

‘4K?(£*-yco*  K, 


Equations  (9)  and  (10)  comprise  the  major  result  inasmuch  as  they  provide 
the  desired  force  and  moment  transfer  functions. 

It  is  worth  noting  that  the  integral  of  the  dynamic  pressure  normal  to  the 
tank  beje  is  zero.  Thus,  the  sloshing  motion  has  no  influence  on  forces  In  the 
Z  (longitudinal)  direction  and  the  inertial  properties  in  this  direction  remain 
those  of  a  rigid  mass.  The  integral  of  the  uniform  hydrostatic  head  h. 
over  the  base  gives  the  force  in  the  Z  direction  as 


(ID 


•For  the  reader  who  may  puitle  over  the  choice  of  notations  here  it  is  noted 
that  the  symbols  were  adopted  to  conform  to  those  of  Reference  1. 


ro mm  t**-* 


Vhila  aquations  (9),  (10)  and  (11)  provide  the  tank  forces  due  to  tank 
accelerations  there  also  say  be  forces  due  to  static  displacements  of  the  tank. 
Two  cases  must  be  distinguished! 

a)  the  acceleration  field  is  carried  with  (rotates  with)  the  tank, 
being  always  in  the  Z  direction.  This  case  arises  in  the  freely 
falling  missile  whose  acceleration  is  due  to  rocket  motor  thrusts 
directed  always  in  the  longitudinal  (z)  dire  tlon.  In  this  case  the 
fluid  level  tends  always  to  follow  the  tank  motion  and  hence  no  static 
forces  or  moments  are  produced. 

b)  the  acceleration  field  is  fixed.  This  case  arises  with  the  tank 

oscillating  in  a  test  stand  on  the  ground.  The  static  tipping  of  the 
tank  produces  a  disturbance  pressure  9  cos  $  )  throughout 

the  tank.  Integrated  over  the  tank  surface  this  disturbance  pressure 
produces  a  transverse  force  in  the  positive  X  direction  and  a  positive 
moment.  The  transverse  force  is  exactly  cancelled  by  the  horizontal 
component  of  the  main  hydrostatic  base  pressure  (  /°  a  h,  )  so  that 
there  results  finally  ' 


STATIC 


STATIC 


a  n. 

4h2  *  2!  9 


Equations  (12)  must  be  added  to  (9)  and  (10)  for  the  tank  moving  in  a  fixed 
acceleration  field. 


In  preparation  for  the  derivation  of  a  mechanical  analogy  the  following 
rearrangement  is  made  of  the  hydrodynamic  solution.  First,  the  results  are 
rewritten  here: 


F  *  - -<1 1  tlM - Mh. 


(t 


{a"  +  Si) 

+*  MA' - — 


*77?  =  4-D, 


+■+  Mh  6Z  — 


2  ~~  JL  <2  * 

X,*-h&(-4  +SI  )  I 


- 1 

A  x  I 
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Here  wb  havs  written  within  the  dotted  box  those  additional  terns  peculiar  to 
the  fixed  acceleration  field  problem- 


Now  let 


Z  —  -  /  Z  Z\ 

~  /  4,  z  +he  +si ) 


where  Lp-  <XT/ (A  .  Thus,  equations  (13)  and  (14)  becaae 
F  -  KM  -  ^  Q  +  C^-^MA'Lp 


x  +~4h~*)  ~  ^ ®  Mix  *  &/J 


Bz  Lp  6  1 


Equation  (15)  nay  be  written 


(<i  Z+tif)  =  -  j-  [zt  Z  X  +  kQ  +  J2*)] 


Making  the  further  substitution 


p>  ■  5 


this  becomes 


U*'  />  -  -  t- 

^■p  L 


2  -  Z  -  / 

-0-  X  0A.  / 


J1 

dJ4 


(15) 


(16) 


(17) 


(18) 


(19) 


If  now  eouatlons  (18)  and  (19)  are  used  to  eliminate  tF  from  (16) 
and  (17),  one  obtains 


z 

f  =  r  +  ^TrP 


(2C)* 


•In  writing  equation  (20)  use  has  been  nade  of  the  identity  —  *•  C  -/<?  h  —  *-  -p 

•e  '  4A  * 


V 


7 


i - ^-j---ri 

*  jj; 


Equations  (20)  and  (21)  sxprsss  the  results  in  the  desired  form,  giving 
the  forces  as  functions  of  the  tank  motion  plus  a  fluid  "angle"  whose  equation 
of  motien  is  given  by  equation  (19). 

Ve  now  proceed  to  determine  the  equations  of  motion  for  the  mechanical 
system  of  Fig.  2. 


Fig.  2  -  ANALOGOUS  MECHANICAL  SYSTEM 


As  in  the  hydrodynamic  problem,  two  acceleration  field  cases  are  possible: 
a  fixed  field  and  a  carried  field.  While  the  equations  of  notion  are  similar 
in  these  cases,  their  final  rearrangen.ente  to  bring  them  into  the  form  of 
equations  (19),  (20)  and  (21)  differ,  and  hence  we  derive  them  separately 
for  convenience. 


The  kinetic  and  potential  energies  for  the  system  of  Fig.  2  wher  displaced 
in  an  acceleration  field  carried  with  the  axes  are 


T  '7  M0  (£  *  ha  sf  *  J  U,  [i  *(/i,  -L)  < 9+Lp  «■„]  %  jl09 
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u  -J  M,  aT  Lp  Vp2 

Using  LaGrange's  equation,  the  forces  and  moments  and  the  equation  of 
notion  in  }fp  are 

f  -  -(M0  ,M,)  i -\M0ha  +M,  fa-tj]  S  -M,  L,  ?„ 

(22) 

'l7lm  ~\^0  +  Ml(!\  w^p)]  ^  ~  [H  *  IC  +Mt  (h>  ~  O  ]  ® 

"K  rr 

(23) 

i',*u*rr-  -  [*  *•(/>,-<.,}  e] 

(24) 

where  OJ  "*  = 

4.  p 

Equation  (24)  ia  already  identical  in  form  with  the  corresponding  hydrodynamic 
equation  (19).  If  it  is  used  to  substitute  into  equations  (22)  and  (23)  for 
f'p  one  obtains  (transforned) 

F  “  -  -rf  X  /VfD  -  9  A^h0-f-  Mf  a.T  <Tp 

(25) 

(26) 

These  equations  are  Identical  in  fore  with  equations  (20)  and  (21)  of  the 
hydrodynamic  solution  (less  the  terse  in  dotted  box  for  a  fixed  field). 

Coopering  tere  by  ten,  the  correspondences  listed  in  Table  1  are  found. 
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*  this  relationship  la  already  satisfied  identically  by  a  preceedinp  equality, 
i.e.,  we  can  show  that  /  ,  /  2 


The  analogous  mechanical  oyster  is  thus  defined.  Equations  (24),  (25) 
and  (26)  are  its  solution. 


The  kinetic  and  potential  energies  are 


r  =  -iM0(i+h0(>)->-jM,[x~(hrLAb+Lp  ^  *j  :c  o* 
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Thai*  equations  are  now  Identical  In  fora  with  the  hydrodynamic  solution 
for  the  fixsd  field.  Comparing  tars  by  tarn,  the  correspondences  shown  in 
Table  2  are  found,  thereby  defining  the  desired  mechanical  analogy  for  the 
fixed  acceleration  field  problen. 


TABU  2 

ANALOGOUS  MECHANICAL  SYSTEM  PARAMETERS 

FIXED  ACCELERATION  FIELD 

HYDRODYNAMIC 

"o 

M(i  -*,) 

*0 

h(r£ 

MA, 

N 

Lp 

*  h, 

h.  (l-Sl*/  o)z) 

•these  relationships 
equivalences. 

are  already  sutisfied  identically  by  the  preceeding 

It  is  interesting  to  note  that  the  rigid  portion  of  the  mechanical 
analogies  are  identical  in  both  Tables  1  and  2  and  that  the  pendulums  differ 
only  in  the  height  at  vhioh  they  are  located.  Because  of  tue  differences  in 
their  equations  of  motion  however,  the  dynamlo  forces  produced  by  these 
pendulums  identical  in  each  caae.  It  is  only  in  the  presence  or  absence 
of  a  static  couple  term  that  the  results  differ. 
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CONCLUSIONS 


1.  Tht  forces  and  moments  produced  on  e  tank  of  fluid  undergoing  arbitrary 
snail  planar  notions  have  been  derived,  (equations  19,  20,  21) 

2.  For  the  case  of  the  tank  soring  in  a  longitudinal  acceleration  field 
carried  with  the  tank,  the  forces  and  sonants  are  duplicated  exactly  bv 
a  nechanical  system  (Fig.  2)  whose  parameters  have  been  found  (Table  1 ) 
and  whose  equations  are  given  (equations  24,  25,  26). 

3.  For  the  case  of  the  tank  moving  in  a  fixed  acceleration  field  the  forces 
and  mosients  are  duplicated  exactly  by  a  nechanical  system  (Fig.  2) 
whose  parameters  have  been  found  (Table  2)  and  whose  equations  are 
given  (27,  2F,  29). 
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APPENDIX 


APPLICATION  TO  MISSILE 
EQUATIONS  OP  MOTION 


«  HIM 
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-  transverse  displacement  of  empty  vslght  missile  c.g. 

-  distance  from  sarpty  weight  missile  c.g.  to  baas  of  fluid  tank, 
positive  forward 

-  empty  weight  missile  mass 

.  empty  weight  missile  inertia  about  the  empty  weight  c.g. 

-  rocket  engine  thrust 


derivatives 


-  aerodynamic  and  rocket  engine  moment  and  force 


-  missile  attitude 

-  missile  angle  of  attack 

-  rocket  engine  deflection  angle 

-  transverse  displacement  of  effective  missile  c.g, 
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Consider  the  missile  of  Fig.  A-l.  The  equations  of  notion  will  be 
written  for  the  empty  weight  missile  center  of  gravity,  treating  the  fluid 
sloshing  forces  as  though  they  were  external  forces  of  known  transfer 
function  acting  on  the  missile  at  the  tank  base  station. 


empty  weight  c.6. 


FIC.  A-1 


Sussing  forces  and  summing  moments  about  the  e.g.  gives 


-4?  I£0  •  S  *  '7Tr\  *  Fr 


y,  -  F^ol  *■  Ff  S  *"  F 


(A.1) 


where  Ma  ,  ,  F^  ,  F4  are  aerodynamic  and  oontrol  moment  and  force 

derivatives. 


analybw 

PMU»ARKD  BY 
OMCKKD  BY 
RSVIStO  BY 


C  O  N  V  A  I  R 

Mk  *  uxiu  mum  Mmumi 
•AM  DIKOO 


paoc  23 

BEPOBT  NO.  ZU-7-*069 
MODEL  7 

DATE  16  Oct.  1956 


Nov  from  equation*  (19),  (20)  end  (21)  v*  may  write  the  fluid  foroee 
ee  ("carried  field") 


+M/4,  clt  rP 


^  *  rS)  Mk(±  -8^  -  S  Mhl(±-  +  D,  - B i 


+  Mh.  Bj  CLr  rF 


(A-2) 


( A— 3) 


where  rF  aetiefiee  the  equation 


(-***  U)*)rf  -  -  ~  (^y,  +  r§) ~2jz) 


(A-4) 


Subetituting  into  equatione  ( A— 1)  givee 


♦p-  <?-*,)+ <**$  +£*  -  $)]  V 

— T  rj  a r  Ff:  +  a.  +  A*f  <* 

r  *  MK  (~  + 

+  [/*£  *Af  (/-/?,)]  f 


(A-5) 


Af/4,  OLy.  rF  +  CL  +  F6  & 


(A-6) 
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■  \  4.,i 

be  recognised  ea-the  tfqgpled  equation  of 
jst  which  i*  not  the  center  of  gravity, 
lily  apparent  by  naans  of  eubetitutloo#  of 
ilagy  of  tnble  l. 


Equation*  (A-5)  and  (A-6) 
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fc  It- 14,  been  that  the  oenpopt  of  a  frigid"  portion  of  the 
Oqrpod  In  the  penduliae  analog^,  ie  roaifljmed.  The  in- 
tbo  fluid,  the  w^lta**  awtlaeatic#  <£,  the  * 
equation  of  potion  of  tha,  p«)4*^Un,  (ryforence  equation* 
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